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An Ef�cient Algorithm for Basket Default Swap Valuation

Abstract

Importance sampling (IS), as an ef�ciency impr ovement technique for Monte

Carlo simulations, is particularly well-suited for correlation products which have

payoffs contingent on the occurrence of rare events. An appropriate choice of

the IS distribution is of absolute necessity to ensure variance reduction. Without

being chosen carefully , the use of IS can result in ineffective variance reduction,

or at the worse cases,even increasethe variance of the Monte Carlo estimators.

Hence, it is highly desirable to be able to selectthe right IS distribution that guar-

anteesvariance reduction. In this paper, we propose an effective IS algorithm for

the valuation of k-th to default basket default swaps. The algorithm is simple to

implement and guaranteesvariance reduction. We have established a way of en-

suring that for every simulation path generated,the desired default eventsalways

take place, and this is achieved under an appropriate choice of the IS distribution

among the set of possible measures that can force the required events of interest

to occur. Our numerical results show that the proposed algorithm is considerably

more ef�cient than the crude simulation method. The gain in variance-reduction

ef�ciency is particularly prominent when the possibility of the k-th default event

is remote.

1



I. INTRODUCTION

Multi-name credit derivatives, such as basket default swaps (BDSs), and synthetic

collateralized debt obligations (CDOs), have gained increasing popularity in recent

years. For investors and market practitioners seeking to redistribute the credit risk of

their underlying portfolios or to releaseregulatory capital, multi-name credit deriva-

tives provide a feasibleway to customize credit protections according to dif ferent risk

pro�les. Recentdevelopments in credit derivatives market have shifted towards the

use of standardized baskets,which are based on diversi�ed sectorsof the European

iTraxx index, to bring about liquidity and greater extent of price transparency. In par-

ticular , the most leveraged trades: standardised 1st-to-default baskets,are now used

by traders asreferencebenchmarks for their correlation levels.

In contrast to a simple credit default swap (CDS) which provides credit protection

for a single underlying, a basket credit default swap extends the credit protection to

a pool of credit instruments under the restriction that compensation is granted only

to the default of one underlying. Depending on the ranking of default protections,

a basket credit default swap can be known as a 1st-to-default basket, a 2nd -to-default

basket,or more generally, a kth-to-default basket. A kth-to-default basket resemblesan

insurance contract that offers protection against the event of a kth default on a pool

of n (n � k) underlying obligors. As for CDS contracts, the protection buyer pays a

premium/spr ead on the notional of the position at regular time intervals asan insur-

ancepremium until the maturity date of the contract or the event of a kth default. In

return, the buyer of a kth-to-default swap contract receivesthe value of the loss (the

notional less the recovery) at the time of a kth default. When the designated entity

experiencesa default event, the credit default swaps on the other reference entities

are automatically cancelled at no cost to the protection seller. Suchproduct facilitates

the creation of speci�c exposures to designated default events. For example, a 2nd -

to-default basket would allow the protection seller to assumethe risk on the second

referenceentity to default within the basket, it therefore allows the protection seller to
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reduce the risk of loss,and at the sametime the protection buyers would bene�t from

a lower premium payment as the order of the designated default events progresses.

The rationale behind any kth-to-default swaps is to adjust the credit risk in line with

an investor 's risk tolerance level by taking sequential default risk positions to a basket

of referenceentities. The resulting structures in turn give rise to dif ferent exposures

towards default risk, default correlation, and expected loss. Among theseexposures,

the sensitivity to default correlation which depends on the order of the designated

default events is most complex. For example, in a 1st-to-default basket swap, an in-

creasein default correlation would imply a strong possibility of all referenceentities

defaulting simultaneously. The credit risk that the structure is exposed to therefore

approachesthat of the most risky entity in the referencepool. On the other hand, the

risk of the structure will increaseasdefault correlation decreasesdue to the protection

seller being exposedto all the referenceentities.

The characteristic of varying exposures to default correlation in any kth-to-default

basketsallows traders to trade implied and expected default correlations. By taking

a long position in a basket of referenceentities and at the same time buying a 1st-to-

default protection on the basket, investors can createsynthetic senior positions. Syn-

thetic senior short positions can conversely be constructed by selling a 1st-to-default

protection on the basket and at the same time buying a protection on the reference

entities. When used as hedging instruments, kth-to-default credit default swaps can

hedge against risk clustering or a particular name exposure within a large credit port-

folio. The resulting hedging costs in this casewill be lower than the sum of hedging

individual credits within the portfolio.

The valuation of basket credit default swaps requires a full speci�cation for the

joint distribution of default times. And a pre-speci�ed dependencestructure for cor-

related default times is avital input. In Li [2000]wheredefault times between underly-

ing obligors are assumed to be inhomogeneous Poisson processes,their dependence

structure is chosen to be a Gaussian copula function. The Li [2000] model, or com-
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monly known as the GaussianCopula approach, requiresonly a one-step simulation

to generate correlated default times. While many have suggested that other copula

functions, such as the Student-t copulae (Mashal and Naldi [2002]) and the Clayton

copulae (Rogge and Schönbucher [2003]), may better capture the tail dependency of

correlated defaults, the Gaussian copula approach remains an industry standard for

valuing portfolio credit derivatives for its easeof implementation via Monte Carlo

simulations.

Though being conceptually simple and easy to implement, Monte Carlo simula-

tions are seento be unstable and slow in convergencewhen dealing with rare events.

This is mainly due to the integrand being peaked locally. In the caseof pricing basket

default swaps, it is only when a kth default has taken place before the maturity date,

a simulated path can then result in a default payoff. Thus, of all path generated,even

with a high hazard rate given, the percentageof paths that actually results in defaults

over a contract's life time can be very small, and their relevant contributions to the

value of the default leg are uninformative and of little signi�cance. The convergence

rate decreasesasthe number of underlying obligor increases,and for contractsof short

maturities the deterioration in convergencerate is particularly noticeable.

When a referenceentity is highly credible, a default event related to which is a rare

event that makes a crude Monte Carlo algorithm inef�cient in estimating the point of

interest. Importance sampling (IS) is an appealing technique for impr oving the ef�-

ciency of rare-event Monte Carlo simulations. Yet if the IS distribution is not properly

selected,the use of IS can result in ineffective variance reduction, or even increasethe

variance of the estimator under certain circumstances. The IS procedure intr oduced

by Joshi and Kainth [2004] for the valuation of BDS contracts, is one of such cases

where the variance of an estimator can in fact be increased. When the default times

are generated in a sequential order and the choice of the likelihood ratio is not sub-

ject to any pre-speci�ed minimization constraint for variance reduction, the resulting

probability distribution can fail to be an ”equivalent measure”. Thus, events that take
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placeunder the original measuremay not beassignedwith a positive probability from

occurring under the ISdistribution. Therefore, it is vital to have a method for selecting

IS distributions that guarantee variance reduction. In other wor ds, when chosenap-

propriately, IS distributions must ensure that the resulting likelihood ratio is always

lessthan one, and for every path generated, default events will always take place. In

this paper, we proposean effective importance sampling algorithm that achievessuch

objectives,and at the sametime its implementation requiresno more complexity than

that of a crude Monte Carlo algorithm. Our numerical results con�rm that our pro-

posed algorithm achieveseffective variance reduction even when the probability of a

kth default event is remote.

The structure of this paper is organized as follows: Section 2 begins with a brief

review on credit risk modelling and ends with an account for the Li [2000]model that

our approach is basedupon. Problem formulation for the valuation of kth-to-default

basketdefault swaps is given in Section3, and Section4 proposesan IS algorithm that

is simple to implement and guarantees variance reduction. In Section 5, we present

numerical results for the estimation of the fair spreads for kth-to-default BDS with

underlying obligors ranging from sectorsof automobiles, industrials, energy and �-

nance. Section6 concludes this paper.

II. CHARACTERIZA TION OF DEFAUL T TIMES

Credit risk modelling, in particular the modelling of default risk, divides the litera-

ture into two main-streams:one that considers default events as being re�ected in a

company's capital structure; and the other considers default events aspure surprises.

They are known asthe structural and reduced form approaches.The characterization

of default risk asa �rst passagetime problem in the structural approach was initiated

by Merton [1974], in which a default event is de�ned by the value of the assetsof a

company falling below the facevalue of its debts at any futur e date. Credit risk mod-

elling that follows this line of thinking includes Black and Cox [1976], Geske [1977],
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Leland [1994], Longstaff and Schwartz [1995], and Zhou [2001]. All tackle the credit

risk of a single entity with the exception of Zhou [2001]wherehe considers the default

correlations of two entities as two correlated Brownian motions and �nds a closed-

form solution for the probability of joint defaults. While Zhou's results cannot readily

be extended to cover the caseof many issuers,Hull and White [2000]demonstrate the

use of Monte Carlo simulations to value a basket CDS. In a subsequent paper, Hull

and White [2001] show how the caseof many issuers can be dealt with, but their de-

fault correlation model requiresthe use of somecomputationally intensive numerical

procedures. Reduced-form models, on the other hand, make dir ect use of the market

information available, e.g. credit spreads,and rating transition probabilities, to arrive

at the default risk estimates. In contrast to the structural form models, here �rm values

are bypassed and defaults are treated as exogenous. SeeSchönbucher [2003], Duf �e

[2003],and Lando [2004] for a detailed review of the reduced form approach to credit

risk modelling.

Till now the industry standard for the joint default probability of multiple un-

derlying obligors has relied on a model of joint default-times. The copula approach

for specifying the dependence structure among default-times was intr oduced by Li

[2000]. Laurent and Gregory [2005] intr oduce the factor-copula which conceptually

coincides with the conditional independence assumption among default events, i.e.

conditional on a systematic factor, default events are mutually independent. The con-

ditional independence assumption results in a semi-analytic representation of the loss

distribution. Models that follow such assumption include: Andersen, Sidenius and

Basu[2003],wherea recursion technique is used to construct the lossdistribution; and

Gregory and Laurent [2004], where the loss distribution is derived at via the convo-

lution of characteristic functions of individual losses,and they apply the FastFourier

Transforms to numerically calculate the integral.

In the following we give a brief account for the joint default-time model that our

approach is basedupon.
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Let t i denote the default time (or equivalently , the time-until-default) for an under-

lying obligor i, where i = 1,� � � , n. t i is a positive random variable and its distribution

is characterized in terms of a hazard rate function hi (�):

prob(t i > t) = e�
Rt

0 hi (u)du (1)

, and let Fi (t) denote the cumulative default probability before time t for an obligor i

(the marginal distribution of the time-until-default for obligor i),

Fi (t) = prob(t i � t) = 1 � e�
Rt

0 hi (u)du

Let Si (t) be the survival function of obligor i, Si (t) can then be expressedas Si (t) =

1 � Fi (t) .

Using the quoted market spreadson corporate bonds or credit default swaps, one

can extract the marginal distribution of the time-until-default, Fi (t) , for eachobligor

i. However, the cash-�ows of portfolio credit derivatives are functions of a whole se-

quence of random default times (t 1, � � � , t n) . Therefore, in order to evaluate multi-

name credit derivatives, the modelling challenge is to characterize the dependence

structure for the default times, t i .

By sampling a set of correlated uniform variates (U1,U2, � � � ,Un), one can then

specify a copula function C (u1, u2, � � � , un) , which de�nes the dependencestructure

among default times to link univariate marginals into their full multivariate joint dis-

tribution, i.e.:

C (u1, u2, � � � un, r ) = prob(U1 � u1,U2 � u2, � � � ,Un � un) (2)

The copula-based approach hence involves conducting the following steps: First

of all, one generatescorrelated random numbers X i , where i = 1,� � � , n; Secondly,

uniformly distributed random variates, U i = F(X i ), are obtained from the cumulative

normal distribution function, F (�); The �nal step involves the computation of default

times for each individual obligor via an inverse mapping of their marginal distribu-
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tions, t i = F� 1
i (Ui ).

For the Gaussian copula, the sampling procedure in the �rst step is particularly

simple. Basedon a correlation matrix S for the assetreturns, a set of correlated stan-

dard normal variates (X1, X2, � � � , Xn) are generated either by performing a Cholesky

decomposition for the correlation matrix 1, or by using a factor form representation in

the formalism of Laurent and Gregory (2005),

X i = r i Z0 +
q

1 � r 2
i Zi

where Z0, Zi , with i = 1,� � � , n are independent standard normal variables. Z0 is the

common factor upon which default events of all underlying obligors are dependent,

and Zi representsthe �rm-speci�c or industry-speci�c risk factors. The parameter r i

determines how strongly X i is correlated to the evolution of the common factor Z0. The

correlation between two credits i and j is Corr
�
X i , X j

�
= r i r j . The secondstep and the

�nal steps require that the correlated uniform random variables to be translated into

default times via the inverse of the marginal distribution function for eachunderlying

obligor.

III. VALUA TION OF k th-TO-DEFAUL T BDSs

In this section, we brie�y review the valuation procedure of a generic kth-to-default

credit default swap relative to aportfolio of n (n � k) referencerisky obligors. Through-

out the section we shall adapt the following notations : t j denotes the time for the j th

premium payment to take place; 4 j � 1,j is the time increment between premium pay-

ments at the ( j � 1) th and the j th time points in units of years; P(0,t j ) is the discount

factor for a BDS contract with time-to-maturity t j ; Ri denotes the recovery rate for

the i th obligor when default happens, and we assumethat Ri is equal to a constant R

for all i; t is the k-th default time among the underlying obligors; M i is the notional

amount for credit i, and we assume M i to be equal to a constant amount M for all i;

The time-to-maturity of the basket default swap is set to be T, where T = t N ; Fi
�
t j

�
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is the probability that an underlying credit i defaults before or at time t j , hence by

de�nition, Fi
�
t j

�
= Pr

�
t i � t j

�
. S(t) denotes the survival function of the k-th default

time, S(t) = Pr (t > t); the distribution function of t is therefore given by: F (t) =

Pr (t � t) = 1 � S(t); Finally, Q denotes the risk-neutral probability measure; s de-

notes the credit spread, and I (�) is the indicator function.

If we de�ne PV premium to be the present value of the premium leg for the k-th to

default basket swap, then

PV premium = EQ

"
N

å
j= 1

4 j � 1,j � s � P(0,t j ) � M � I
�
t > t j

�
#

(3)

where the expectation is taken under the risk-neutral pricing measure Q. If accrued

premiums areconsidered, then the presentvalue of the accrued premium PV AccruedPremium

can be computed as

PV AccruedPremium = EQ

"
N

å
j= 1

 
t � t j � 1

t j � t j � 1
4 j � 1,j

!

� s � P(0,t ) � M � I
�
t j � 1 < t � t j

�
#

(4)

On the other hand, we de�ne PV def aul t to be the present value of the default leg

(DL) for the k-th to default basket swap, and

PVdef aul t = EQ [(1 � R) � M � P(0,t ) � I (t � T)] (5)

We can therefore derive the fair spread for the kth-to-default basket swap asfollows

s =
EQ [(1 � R) � P(0,t ) � I (t � T)]

EQ
h
å N

j= 1 4 j � 1,j � P(0,t j ) � I
�
t > t j

� i (6)

Thecrude Monte Carlo procedurefor computing the value of the default leg (hereby

abbreviated asDL) can be described asfollows:

1. Generateindependent samplesof standard normal variates Z0, Z1, . . . , Zn

2. Generatecorrelated normal variates by setting X i = r i Z0 +
q

1 � r 2
i Zi , 1 � i � n.

3. SetU i = F(X i ), 1 � i � n
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4. Sett i = F� 1
i (Ui ), 1 � i � n

5. Sett = the k-th order statistic of (t 1, . . . , t n)

6. Setthe discounted payoff = (1 � R) I (t � T)P(0,t )

7. Repeat step 1 to 6 m times; the con�dence interval of the DL can then be con-

structed by the m copies of the discounted payoff.

The above procedure provides us with a point estimate for the DL, denoted by a,

as

a =
1
m

m

å
i= 1

(1 � R) I (t (i) � T)P
�

0,t (i)
�

, (7)

where t (i) are the i-th independent samplesof t .

IV. THE PROPOSED ALGORITHM

The ef�ciency of Monte Carlo simulation is measured by the variance of the estimator

and the effort to generatea replication (Glynn and Whitt [1992]). Our goal is twofold:

First, we establish a way of selecting an appropriate IS distribution among the set of

possible measures that ensures the k default events of interest to take place on every

generated path. Second,we need to ensure that the gain in variance reduction of the

proposed algorithm always outweighs that of a crude Monte Carlo algorithm.

Let f be the density function of t and supposethat g (x) is another density function

such that, g(x) > 0 for 0 � x � T. Let L(x) = f (x)/ g(x), which is known as the

likelihood ratio, and t (i) are independent copies sampled from g(x). Then, it is clear

that the point estimator

b =
1
m

m

å
i= 1

(1 � R) I (t (i) � T)P
�

0,t (i)
�

L(t (i) ) (8)

is an alternative estimator for the DL. The point estimator b is known as an IS esti-

mator (Glynn and Iglehart [1989];Glasserman[2004])and its variance depends on the

choice of the IS density, g (x). In order to select an appropriate g (x), we �rst give a

simple alternative characterization for the default event of the basket, f t � Tg.
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Proposition 1. The default event of the basket f t � Tg is equivalent to the event

f Z0 � bg if b is the (n � k+ 1)-th order statistic of (b1, . . . , bn), wherebi = (F� 1(Fi (T)) �
q

1 � r 2
i Zi )/ r i . That is, conditional on Z1, . . . , Zn, the event of interest can be deter-

mined solely by the common factor Z0.

Proof. Since

f t i � Tg

= f F� 1
i (F(X i )) � Tg

= f F (X i ) � Fi (T)g

= f X i � F� 1(Fi (T))g

= f r i Z0 +
q

1 � r 2
i Zi � F� 1(Fi (T))g

=

8
<

:
Z0 �

F� 1(Fi (T)) �
q

1 � r 2
i Zi

r i

9
=

;

= f Z0 � big

we therefore arrive at an alternative characterization for the default event f t i � Tg,

i.e. the event f t i � Tg is equivalent to f Z0 � big.

Now, consider the event of interest f t � Tg. Note that

I (t � T) = 1 ,
n

å
i= 1

I (t i � T) � k

,
n

å
i= 1

I (Z0 � bi ) � k.

By setting b = (n � k + 1)-th order statistic of (b1, . . . , bn), it is straightforwar d to see

that
n

å
i= 1

I (Z0 � bi ) � k , I (Z0 � b) = 1.

Thus, f t � Tg if and only if f Z0 � bg.

Proposition 1 is the key idea behind our proposed algorithm. By choosing a new

probability measurefor Z0 wisely, we canensure that f Z0 � bg occurswith probability
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one. Therefore, proposition 1 provides a simple way to ensure that for every path

generated, k default events are always forced to take place. However, there can be

in�nite numbers of measureswhich guaranteethe event f Z0 � bg from occurring with

probability one. Thus, we need an additional guideline for selecting an appropriate IS

distribution for Z0 among the setof all possible measuresthat forcek default events to

take placeon every generatedpath. The following Lemma provides a characterization

for such guideline.

Lemma 2. If X is a random variable with density function, fX (x), and distribution

function, FX (x), and we are interestedin estimating FX (a). If we de�ne the likelihood

ratio L(x) as

L (x) := fX (x)/ f �
X (x)

for x � a, where the density function, f �
X (x) for X is chosento be:

f �
X (x) =

8
><

>:

fX (x)/ FX (a), x � a

0, otherwise

then Y , I (X � a)L(x) is an unbiased estimator for FX (a), and Var � [Y] = 0.

Proof. It is easy to verify that f �
X (x) is an optimal IS density for this simple prob-

lem, because it produces an estimator with zero variance. By de�nition, L(x) =

fX (x)/ f �
X (x) = FX (a) for x � a, therefore

E� [I (X � a)L(x)] =
Z a

� ¥
FX (a) f �

X (x)dx = FX (a)
Z a

� ¥
f �
X (x)dx = FX (a) (9)

where E� (�) denotes the expectation operator under the density f �
X (x). Hence Y is an

unbiased estimator for FX (a).
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Now, let Var� (�) denotes the variance operator under the density f �
X (x), then

Var� [Y] = E� [I2(X � a)L2(x)] � (E� [I (X � a)L(x)])2

=
Z a

� ¥
F2

X (a) f �
X (x)dx � F2

X (a)

= F2
X (a)

Z a

� ¥
f �
X (x)dx � F2

X (a) = 0 (10)

The above analysis provides us with a guideline for choosing the new probability

measure for Z0. In particular , for a given b, when the common factor Z0 is assumedto

be Gaussian,we can set

f � (z) =

8
><

>:

f (z)/ F(b), z � b;

0, otherwise.

where f (z) is a standard Gaussiandensity. With this speci�c IS density, the proposed

algorithm is asfollows:

1. Generateindependent samplesof standard normal variates Z1, . . . , Zn

2. Set

bi =
F� 1(Fi (T)) �

q
1 � r 2

i Zi

r i
, 1 � i � n

and let b = (n � k + 1)-th order statistic of (b1, . . . , bn)

3. Set L = F(b) and generate Z0 according to the formula F� 1(LU), where U is a

uniform(0, 1) random variate.

4. SetX i = r i Z0 +
q

1 � r 2
i Zi , 1 � i � n

5. SetU i = F(X i ), 1 � i � n

6. Sett i = F� 1
i (Ui ), 1 � i � n

7. Sett = the k-th order statistic of (t 1, . . . , t n)
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8. Setthe discounted payoff = (1 � R)P(0,t )L

9. Repeatstep 1 to 8 m times; con�dence interval of DL can then be constructed by

the m copies of the discounted payoff

Note that our proposed algorithm does not require the common factor Z0 to be

restricted to the Gaussian case. First of all, if Z0 is not distributed normally , as long

as it has a continuous distribution function F (�) and the associatedinverse function

F� 1 (�) can be identi�ed, only step 3 requires further modi�cation: i.e. by replacing

F(�) and F� 1 (�) respectively with F (�)and F� 1 (�). Second,the algorithm also allows

for a more generalized problem setting. When the speci�c factors Z1, � � � , Zn are of

arbitrary distributions, we need only to modify steps 1 and 2 and 5 where F(�) is

replaced by the distribution function associatedwith X i . Finally, the recovery rate R

in step 8 can be assumedrandom and correlated to the default times t i .

In addition to the advantages listed above, the strength of our proposed lies in its

variance reduction ef�ciency established by the following proposition.

Proposition 3. Let b� denote the estimator generatedby the proposedalgorithm and a

denote the estimator produced by a crude Monte Carlo algorithm, then the following

always holds:

Var � (b� ) < Var(a),

where Var � (�) is the variance operator under the density function f � .

Proof. Let

V(t , R) = (1 � R)P(0,t ) I (t � T),

then

Var� (b� ) = Var� [V (t , R)L]/ m2

and

Var(a) = Var[V(t , R)]/ m2.
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Therefore, it remains to show that

Var� (V(t , R)L) < Var(V(t , R))

SinceL = F(b) is always lessthan 1, we have

Var� (V(t , R)L) = E� [V (t , R)2L2] � E� [V (t , R)L]2

< E� [V (t , R)2L] � E[V(t , R)]2

= E[V(t , R)2] � E[V(t , R)]2

= Var[V(t , R)]

Proposition 3 ensuresthat the gain in variance reduction of the proposedalgorithm

always outweighs that of a crude Monte Carlo algorithm. In practice, the actual gain

in computational ef�ciency depends on a few driving factors, here we discusstwo im-

portant ones:First, the analysis in the proof of proposition 3 shows that the magnitude

of Var � (b� ) depends on the variance of the likelihood ratio, L. As r i approaches1, bi

becomesdeterministic. It is then easyto seethat the variance of L is small if r i is near

1. This implies that the proposed algorithm is noticeably more effective when the fac-

tor loadings, r i , for the common factor Z0 are high. The numerical results in the next

section con�rm such observation. Second,the importance sampling technique is well

known to be most effective for rare event simulations. Thus, the performance gain

should further increasewhen the default probability is low. Our numerical results in

the next section also con�rm such expectation.

V. NUMERICAL RESULTS

Basedon the ISalgorithm proposed in the previous section,herewe presentnumerical

results for the estimation of fair spreadsfor kth-to-default basketdefault swaps.

The market quotes for standardized �ve-year kth-to-default basket default swaps

are obtained from J.P. Mor gan, which are de�ned using �ve underlying referenceen-
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tities. The risk-neutral default probabilities of the reference entities during the �ve

years are extracted dir ectly from the market quoted credit default swap spreads. All

�ve underlying referencesareof equal unit nominal and assumedwith a recovery rate

of 40%.We study four sector-wised kth-to-default basketdefault swaps with underly-

ings ranging from sectorsof automobiles, industrials, energy and �nance 2.

Our focus is placed on the estimation of the expected values of default leg and

premium leg, which are vital inputs for the calculation of the fair spreads s for the

kth-to-default basket default swaps. In order to avoid cancellation effects, we present

results purely for the default legs in eachexhibit.

In our simulations, the values for k are chosento be 1, 2 and 3, and we take the risk

freerate r = 5%. To seehow correlation affectsthe variance reduction ef�ciency of our

importance sampling algorithm, we repeat the samecalculation for dif ferent constant

factor loadings of 0.5,0.7,0.9and 0.99.

We report the standard errors (s.e.)of the simulation with and without importance

sampling in the sixth column and fourth column of eachexhibit, where the standard

error for an estimator b� = 1
m

m
å

i= 1
Yi is de�ned as

s.e.(b� ) =

s
1

m� 1

m
å

i= 1
(Yi � b� )2

p
m

By comparing the two columns, one readily observesthe signi�cant gain in ef�ciency

achieved by our proposed importance sampling algorithm in terms of the overall vari-

ancereduction.

In the last column of each exhibit, we have listed the sample variance ratio R =

[s.e.(a)]2

[s.e.(b� )]2
� 10, where a refers to the crude simulation estimator and b� refers to the

importance sampling estimator basedon our importance sampling technique.

As canbeseenevident from eachexhibit, the estimator for the default leg basedon

our importance sampling algorithm is substantially more ef�cient than that of crude

Monte Carlo simulations in all caseswe considered. The value in the last column of
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eachexhibit shows that the importance sampling estimator basedon our proposed al-

gorithm exhibits a marked decreasein variance. The ef�ciency gain is moreprominent

when the correlation r is higher. Mor eover, the ef�ciency of our proposed importance

sampling algorithm increasesas value of k increases,which indicates that our algo-

rithm reducesthe variance of the estimator especially when the possibility of the k-th

default event is remote.

VI. CONCLUSIONS

In this paper, we have proposed an importance sampling algorithm for the valuation

of basket default swaps. The algorithm is simple to implement and guaranteesvari-

ancereduction via an appropriate choice of the importance sampling distribution.

In Proposition 1, we have established a way of ensuring that for every path gen-

erated, k default events always take place. In addition, we have established an addi-

tional guideline for selecting an appropriate IS distribution among the set of possible

measures that can force the required events of interest to take place, and Lemma 2

characterizes such guideline. While IS can actually be prone to ineffective variance

reduction, or at caseseven increasethe variance of the point estimators, the strength

of our proposed algorithm lies in its unconditional variance reduction ef�ciency , and

this assertion is validated by Proposition 3.

Our numerical results indicate that the proposed algorithm is considerably more

ef�cient than the crude simulation method, and the ef�ciency gain is more prominent

for underlying credits with higher correlation and especially for basketdefault swaps

with a remote probability of a kth default. We therefore conclude that the proposed

algorithm provides a suitable basis for ef�cient estimation of the default leg when

calculating the fair spreadsof kth-to-default basketdefault swaps.
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Exhibit 1: Estimated Values for First(k=1), Second(k=2), and Thir d(k=3)-to-Default
BDS:Automobile Sector.

First-to-Default BasketDefault Swap (k = 1)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.171066 0.091444 0.000202 0.092286 0.000404 2.5
0.7 0.144736 0.077525 0.000189 0.077637 0.000261 5.2
0.9 0.099715 0.053398 0.000161 0.053508 0.000106 23.2
0.99 0.063024 0.033581 0.000130 0.033660 2.57E-05 254.4

Second-to-Default BasketDefault Swap (k = 2)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.031144 0.016136 9.02E-05 0.016085 0.000126 5.1
0.7 0.043805 0.022966 0.000108 0.022808 9.55E-05 12.7
0.9 0.052184 0.027674 0.000118 0.027518 5.14E-05 52.9
0.99 0.047831 0.025420 0.000114 0.025269 1.59E-05 514.0

Thir d-to-Default BasketDefault Swap (k = 3)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.005457 0.002781 3.76E-05 0.002808 3.54E-05 11.3
0.7 0.014542 0.007541 6.22E-05 0.007565 3.87E-05 25.9
0.9 0.030589 0.016124 9.10E-05 0.016240 3.19E-05 81.6
0.99 0.039179 0.020808 0.000103 0.020892 1.28E-05 654.5
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Exhibit 2: Estimated Values for First(k=1), Second(k=2), and Thir d(k=3)-to-Default
BDS:Industrials Sector.

First-to-Default BasketDefault Swap (k = 1)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.29367 0.157668 0.000245 0.158459 0.000502 2.4
0.7 0.246693 0.132590 0.000232 0.132324 0.000339 4.7
0.9 0.17272 0.092680 0.000203 0.092382 0.000149 18.7
0.99 0.110533 0.058994 0.000168 0.059096 3.61E-05 216.6

Second-to-Default BasketDefault Swap (k = 2)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.079521 0.041325 0.000141 0.041264 0.000222 4.0
0.7 0.095089 0.049969 0.000155 0.050101 0.000164 8.9
0.9 0.100733 0.053511 0.00016 0.053364 8.39E-05 36.5
0.99 0.091452 0.048669 0.000154 0.048749 2.65E-05 336.6

Thir d-to-Default BasketDefault Swap (k = 3)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.019114 0.009763 7.01E-05 0.009912 8.38E-05 7.0
0.7 0.037817 0.019633 9.93E-05 0.019777 7.89E-05 15.8
0.9 0.064 0.033760 0.000129 0.033863 5.66E-05 52.3
0.99 0.078513 0.041700 0.000143 0.041746 2.26E-05 401.4
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Exhibit 3: Estimated Values for First(k=1), Second(k=2), and Thir d(k=3)-to-Default
BDS:Financial Sector.

First-to-Default BasketDefault Swap (k = 1)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.300344 0.161309 0.000247 0.160582 0.000504 2.4
0.7 0.25196 0.135468 0.000234 0.135485 0.000343 4.7
0.9 0.177454 0.095189 0.000206 0.095386 0.000153 18.1
0.99 0.11644 0.062120 0.000172 0.062090 3.84E-05 199.8

Second-to-Default BasketDefault Swap (k = 2)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.082375 0.042802 0.000143 0.042949 0.000229 3.9
0.7 0.0976 0.051283 0.000156 0.051491 0.000166 8.8
0.9 0.1037 0.055064 0.000162 0.054873 8.64E-05 35.3
0.99 0.095534 0.050837 0.000157 0.050749 2.84E-05 305.4

Thir d-to-Default BasketDefault Swap (k = 3)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.019848 0.010134 7.14E-05 0.010289 8.59E-05 6.9
0.7 0.039201 0.020348 0.000101 0.020336 8.15E-05 15.3
0.9 0.065671 0.034654 0.000131 0.034762 5.81E-05 50.8
0.99 0.079967 0.042483 0.000145 0.042530 2.39E-05 364.3
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Exhibit 4: Estimated Values for First(k=1), Second(k=2), and Thir d(k=3)-to-Default
BDS:Energy Sector.

First-to-Default BasketDefault Swap (k = 1)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.225387 0.120701 0.000225 0.120296 0.000452 2.5
0.7 0.189166 0.101458 0.000211 0.102356 0.000301 4.9
0.9 0.130722 0.070057 0.000181 0.070316 0.000126 20.7
0.99 0.083519 0.044520 0.000148 0.044550 3.09E-05 228.6

Second-to-Default BasketDefault Swap (k = 2)
r naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.049933 0.025911 0.000113 0.026161 0.00017 4.4
0.7 0.064506 0.033847 0.000129 0.033785 0.000126 10.5
0.9 0.072649 0.038539 0.000138 0.038397 6.60E-05 43.8
0.99 0.065248 0.034722 0.000132 0.034940 2.06E-05 408.7

Thir d-to-Default BasketDefault Swap (k = 3)
naive simulation importance sampling variance

default default leg s.e. default leg s.e. reduction
r probability (with 106 runs) s.e. (a) (with 105 runs) s.e.(b� ) R

0.5 0.010395 0.005302 5.18E-05 0.005304 5.44E-05 9.1
0.7 0.023691 0.012287 7.91E-05 0.012265 5.53E-05 20.4
0.9 0.044602 0.023524 0.000109 0.023483 4.25E-05 66.0
0.99 0.054828 0.029117 0.000121 0.029240 1.68E-05 522.1
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Endnotes
1To generate correlated standard normal variates X = (X1, X2, � � � , Xn) , we �rst

apply the Cholesky decomposition to the correlation matrix S = AAT, then generate
n i.i.d. standard normal random numbers z1, � � � , zn 2 N (0,1) . Finally we setX = Az,
where X = (X1, � � � , Xn) are the correlated random numbers �tting the joint normal
distribution.

2The �ve underlyings of the kth-to-default basket default swap for auto sector are:
Volkswagen AG, Peugoet, Renault, Continental AG and Valeo. The referencenames
of the kth-to-default basket default swap for industrial sector are: Bayer AG, Rolls-
Royce, Lafarge, Compagnie de Saint-Gobain, and BAE systems. The �ve unerlyings
of the kth-to-default basket default swap for �nancial sector are: Bayerische Hypo-
Und Vereinsbank, AXA, Allianz, Commerzbank and Abbey National. The reference
names of the kth-to-default basket default swap for energy sector are: Suez, Veolia
Envir onment, RWE, Endessaand Repsol YPF.
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P. Schönbucher. Credit Derivatives Pricing Models: Model, Pricing and Implementa-

tion . Wiley, Chichester, England, 2003.

C. Zhou. An Analysis of Default Correlations and Multiple Defaults. Review of Fi-

nancial Studies, 14(2):555–576,2001.

24


